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OSCAR M. PERDOMO 

Abstract. In this paper we provide a family of algebraic space-like surfaces in the three 
dimensional anti de Sitter space that shows that this Lorentzian manifold admits algebraic 
maximal examples of any order. Then, we classify all the space-like order two algebraic 
maximal hypersurfaces in the anti de Sitter iV-dimensional space. Finally, we provide two 
families of examples of Lorentzian order two algebraic zero mean curvature in the de Sitter 
space. 



1. Introduction 

Let us denote by R^"*"^ the set R^"*"^ endowed with the semi-riemannian metric dsl = 

—dx\ — ■ dxl. + dx\j^^ + ■ ■ ■ + dxj^j^^ and for e = ±1, let us denote by K^^^ the set of points 

in R^"*"^ with square norm equal to e, endowed with the metric induced by ds\. Notice that 
-ft"2,-i is the anti de Sitter dimensional space, Kn is the dimensional de Sitter space, 
Ki _i is the dimensional hyperbolic space and Ko,i is the Euclidean dimensional sphere. 
In this paper we will be dealing with zero mean curvature hypersurfaces in the spaces K^^t- 
These hypersurfaces are critical points of the area functional and they are called minimal or 
maximal depending on the nature of the critical point. We will be referring to them as ZMC 
hypersurfaces. 

In 1967, Hsiang studied order n algebraic minimal hypersurfaces of spheres, [2], in his paper 
he showed that such a hypersurface M C S'^ is defined by the zero level set of an irreducible 
homogeneous polynomial / : R^"*"^ ^ R of degree ra, if and only if, 

(1) 2A/(x) |V/P(x) - (V|V/P(x), V/(x)) = whenever /(x) = 

In the same paper Hsiang proved that the only order two algebraic minimal hypersurfaces in 
the sphere are the Clifford tori. Recall that Clifford tori have exactly two principal curvatures 
everywhere and the norm the second fundamental is constant. In 1970, [3], Lawson proved 
that the three dimensional sphere admits algebraic surfaces of any order by given explicit 
examples. 

In this paper we will generalize the results we just mentioned above. First, we will provide a 
formula similar to ([T]) for order n ZMC algebraic hypersurfaces of i^^fc ^, then, we will classify 
all order two algebraic ZMC hypersurfaces in the anti de Sitter space. In this classification 
we prove that the order 2 examples are the hyperbolic cylinders and a family of hypersurfaces 
with exactly three principal curvatures everywhere and with non constant norm of the second 
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fundamental. We continue the paper by proving that the three dimensional anti de Sitter 
space admits algebraic surfaces of any order by given explicit examples. All these examples 
are space-like and complete. 

We will finish the paper by showing two families of algebraic order 2 embedded time-like 
ZMC hypersurfaces in the dimensional de Sitter. Hypersurfaces in the first family have 
three principal curvatures everywhere, is one of them with multiplicity 1 and corresponds 
with a time-like direction. Hypersurfaces in the second family have two principal curvatures 
everywhere, one of them has multiplicity 1 and corresponds with a time-like direction. 

We would like to point out that the fact that a space-like hypersurface of a semi riemannian 
manifold is closed, does not guarantee the completeness of its induced riemannian metric 
see e.g, [T]. For this reason, even for algebraic examples which are evidently closed sets, the 
completeness is a property that must be checked. 

2. Preliminaries 

For any non negative integer s less than + 1, and any positive integer j, we will denote 
by Ij the j x j identity matrix and by Bg = the (A^ + 1) x (A^ + 1) matrix defined by 

Given e = ±1, we will also denote by 

Ks,, = {xe R^+^ : {BsX, x) = e} 
Given an homogeneous polynomial / : R^"*^^ ^ R, we will define 



M'/ = {xe K,,, : fix) = 0} 

We will define the metric gs : R^"*"^ x R^"*"^ — > R by gs{v, w) = {BsV, w), where ( , ) denotes 
the Euclidean dot product. Notice that K2-1 with the metric induced by g2 is the Anti de 
Sitter space, Ki _i with the metric induced by gi is the Hyperbolic space, and Ki i with 
the metric induced by gi is the de Sitter space. In this section we will derive the zero mean 
curvature equation for the hypersurface Mj'". For the sake of completeness we will start 
this section by proving the following well known property of the Laplacian with respect to a 
metric Qs- 

Lemma 2.1. Let s be any non negative integer less than A^ + 1. If for a given smooth 
function f : R^+^ ^ H we define 

A f = — • • • — H h ■ ■ ■ H — 

dxl dxl dxl^i 9x%_^_-^ 

then, for any basis {vi, . . . , vn+i} such that {BgVi, Vj) = b'lj, we have that 



A,J = -(DVK),^i) 



{D^f{vs),v,) + {D^f{vs+i),Vs+i) + ■■■ + {D^f{vN+i),VM+l) 
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Proof. Let us denote by Cj = (0, . . . , 0, 1, 0, . . . , 0), i = 1, . . . , + 1 the standard basis of 
R^"*"^ and let us define the matrix A = {ay} by the equations Vi = J2k=i ^ik^k- From the 
condition on the values for {BsVi,Vj) we get that, Bs = ABgA^ , from this equation we get 
that the inverse of the matrix BsA is the matrix BgA^ and since every matrix commutes 
with its inverse we get the equation Bg = A^BsA. We have that 

-{D^f{v,),v,) {D^fiv,),Vk) + {D'fivk+i),Vk+i) + ■■■ + (DVK+i),t^7v+i) 

N+1 

= J2^UD'fivi),v,) 

N+1 

= X] bljaikaji{D'^f{ek),ei) 

i,j,k,l=l 
N+1 

k,l=l 

The third equation follows from the equation B = A^BA. 

□ 

Remark 2.2. Recall that for any x G Ks,e C Rf^"*"^, a normal vector (with respect to the 
Euclidean metric) is given by BgX. Therefore, we can describe the tangent space of at 

T^Ks,, = {ve R^+^ : {v, B,x) = 0} = {v e R^^^ : gs{v, x)=0} 

Let us assume that / : R^"*"^ — R is a homogeneous polynomial of degree k. Anytime 
V/(x) 7^ for some x G M^'^, we get that (V/(x),x) = kf{x) = 0. From this equation 
we get two important observations. First, we get that in a neighborhood of x, Mj'" is an 
embedded A^ — 1 submanifold of R^+^, because V/(x) cannot be a multiple of the vector 
BgX, since the equation V/(x) = XBgX implies that = (V/(a;),x) = X{BsX,x) = eX. The 
second observation is that the vector BgV f{x) G T^Kg^e and it is perpendicular to T^M^'"^ 
with respect to the metric gg. This follows because = (V/(a:),x) = {BgV f{x), Bgx) = 
gg{BgVf{x),x) and for any ^; G T.Mf , = (V/(x), = {BgV f{x), B^v) = gs{BgV f{x),v). 
From the two observations above we get that M^'" is an embedded A" — 1 sub manifold near 
X. Moreover, if gs(V f^x),^ f{x)) ^ 0, then, near this point x the metric gs induces a semi 
riemannian metric and the vector field vix^ = , ^ BgV f defines a Gauss map in 

Mf' C Kg,,. 
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Remark 2.3. If M^'" is a semi-riemannian hypersurface and u : Mj'" — > R^+^ is a Gauss map, 
then, the differential of u at any x G Mj'*^ defines a linear transformation from T^M'J-''^ to 
TxMj'''. This transformation is self-adjoint with respect to the metric gg. We have that, if the 
metric induced by gs on M^'*^ is riemannian, then, the shape operator can be diagonalized, 
if this metric is not riemannian but only semi riemannian, the shape operator may not be 
possible to diagonalize. The trace of the shape operator divided by the dimension of M^'" is 
called the mean curvature and it is denoted by H{x). We have that 



^^^^ " n\ 1 ^ 9s{v„Vi)gs{du^{vi),Vi 

i=l 



where {vi, . . . ,Vi\f_i} is any basis for T^MV" such that Vi 



The following lemma gives us a condition in terms of / that guarantees that the hypersurface 
M^'*^ has zero mean curvature. 

Lemma 2.4. Let e be either 1 or —1 and let f : R^+^ ^ H be an homogeneous polynomial 
such that w{x) = (SsV/(x), V/(x)) ^ for every x in an open U C R^"*"^. // 

S = {x G R^+^ : fix) = and x) = e}nU 

is not the empty set, then, S with the metric induced by gs is a semi riemannian embedded 
submanifold and its mean curvature, as a subset of Ks^e, vanishes if and only if 

2w{x)Ag^f{x) - {Vw{x),BsVf{x)) = for any x G S 

Proof. The first part follows from the Remark (12. 2p . From the same remark we also know 
that the Gauss map is given hy u = ^jJ=. 



gs{,dvx{vi),Vi) = {d{^^^=)^{vi),BsVi) 

\w\ 



{ J—- diBsVf).iv^),BsVi) + di^=),{vi){Bs\/fix),BsVi) 

^/\W{X)\ ^^\W\ 

^ {BJ{\/fUv,),BsV,) + 



\Aw{x)\ 
-^^{D'f{x)v.,v,) 

vmx)\ 



On the other hand, since (V/(x), x) = kf{x), we get that for every x G E, (D^/(x)x, x) = 0. 
We also have that the derivative of the function w in the direction BgV f{x) can be computed 
as follows, 
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= (d(V/),.(S,V/(x)),S,V/(x)) + {Vfix),d{B,VfUB,Vfix))) 

= {D^f{x)BsVf{x), B,Vf{x)) + (V/(x), 5,6?(V/),(S,V/(x))) 

= {D^f{x)BsVf{x),BsVf{x)) + {B,Vf{x),D^f{x){BsVf{x))) 

= 2{D^f{x)BsVf{x),BsVf{x)) 



Now, if {vi, . . . , fAT-i} is a basis of T^S with \ {BsVi, Vj)\ = 6ij and sig(a) denotes the sign of 
the number a, we get that 



7V-1 



A, J = e (D'fix) X, x) + ^\g{w{x)){D^f{x)p{x), v{x)) + ^ sig((5,^;,, v;)){D^ f{x)v,, v,) 

i=l 
N-1 

sig{w{x))---^{D^f{x)B,Vf{x), B,Vf{x)) + V sig((i?,i;„ v,)){D^ f{x)v,, v,) 

i=l 

N-l 



\w{x)\'' 



^-—dw,,{BsVf{x)) + ^sig{{B,Vi,Vi)){D^f{x)vi,Vi) 



2w[x) 

^ ' 1=1 

= ,r^{Vw{x),B,Vf{x)) + {N-l)H{x) 
2w{x) 

The last equation implies the lemma. 



□ 



Definition: We say that a set M C Kg ,, is algebraic, if there exists an irreducible homoge- 
neous polynomial f : R^+^ — R such that M C /~^(0) and 

2w{x)AgJ{x) - {Vw{x),BsVf{x)) = for every x e M 

where w = (V/, BgV f). We will say that an algebraic hypersurface M C Kg^^ is regular, if 
w{x) 7^ for every x G M. 

Remark 2.5. If a homogeneous polynomial / : R^+^ R satisfies that 
(2) 2w{x)AgJ{x) - {Vw{x),B,Vf{x)) = h{x)f{x) 

then, the function / defines zero mean curvature hypersurfaces in Kg^e for either e = 1 or 
e = — 1. In particular, homogeneous polynomials satisfying equation ([2]) for s = 1 define 
algebraic minimal hypersurfaces in the Hyperbolic space and algebraic zero mean curvature 
hypersurfaces in the de Sitter space. 
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It is not known if in general, a polynomial that defines an algebraic hypersurface, satisfies 
the equation ( [2|) for some homogeneous polynomial h. 

Conjecture: If M C Ks^e is an algebraic hypersurface defined by a homogeneous polyno- 
mial f , then, there exists a homogeneous polynomial h such that 

(3) 2w{x)AgJ{x) - {Vw{x),B,Vf{x)) = h{x)f{x) 



3. Algebraic surfaces in the anti de Sitter space 

In this section we will show explicit examples of algebraic surfaces of any order in the anti 
de Sitter space. 

Theorem 3.1. Let k and n be any pair of positive relative prime integers such that n is odd. 

a. If k < n, the map : ^ i^2,-i given by 

(j){s, t) = (cosh(s) cosh(nt), sinh(s) sinh(H), cosh(s) sinh(nt), — cosh(H) sinh(s)) 

defines an order k + n algebraic ZMC space-like complete immersed surface in the anti de 
Sitter space K2-1. 

b. If k > n, the map p : — ^ K2,-i given by 

p{s, t) = (cosh(nt) sinh(s), cosh(s) sinh(A;t), sinh(s) sinh(nt), — cosh(s) cosh(A;t)) 

defines an order k + n algebraic ZMC immersed surface in i^2,i- Moreover, g2 induces a 
negative definite semi-riemannian metric. 

c. The polynomial 

f = 2 ((Zi - X-if{x2 - X4)" + (xi + x^f{x2 + 

defines algebraic minimal surfaces in the spaces K2,i and -R'2,-i- Moreover, = 

and f{p{s,t)) = for every s and t. 

Proof. Let us start proving c. A direct verification shows that if we define 
w = {B2Vf,Vf) and g = 2wA,J - {B^V f,Vw) 

then g = hf where 

h = -32k'^{xl-xl)''-'^{2xl-2xl + k'^{xl-xl) + k{-xl + xl)) when n = l 
h = -32n^ {xl - xl)''-\n'^{xl- xl) +n{-xl + xl) + 2{xl- xD) when A; = 1 



and 
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h = -?,2{xl-xlf-\xl-xlr-\n\x\-xlf-n\xl-xlf + 

2k'^n^{xl - xl){xl - xl) + {k- l)k%xl - xlf ) forn > 2 and A; > 2 

Therefore, the function / induces algebraic examples in the spaces i^2,i and K2-1. A direct 
computation shows that, 

t)) = 2 cosh^Xs) sinh"(s) (1 + (-1)'^) 

and 

f{p{s, t)) = 2 cosh"(s) sinh^(s) (1 + (-1)") 

since n is odd, then, f{4>{s, t)) = and /(p(s, t)) = for every s and t. A direct verification 
shows that (i?20(s, t), 0(s, t)) = —1 and {B2p{s,t), p{s,t)) = 1, therefore, G K2-1 and 

p{s, t) G The fact that the map (p is an immersion follows from the following equations, 



(-,S2^) = 1 and 

(f,52f) = ^(^^^ + n^ + (n^-^^^)cosh(2.)) 

Therefore, since n > A;, is a space-like complete immersion. Notice that we already proved 
the ZMC condition because f{(f){s,t)) = 0. The fact that the map p is an immersion follows 
from the following equations, 

,dp „ dp 11 
dp r,dp._ 

{%B2f^) = -l(P + n^ + (fc^-n^)cosh(2.)) 

Therefore, since A; > n, p is an immersion and the metric induced by g2 is negative definite. 
Notice that we already proved the ZMC condition because f{p{s,t)) = 0. 

□ 

Remark 3.2. The reason we ask for n and k to be relative primes is that if they are not, then 
the polynomial / is not irreducible. 

The existence of algebraic surfaces by pairs, in i/2,1 and i^/^2,-i, is a consequence of remark 



ALGEBRAIC ZERO MEAN CURVATURE VARIETIES IN SEMI-RIEMANNIAN MANIFOLDS 8 
4. MAXIMAL HYPERSURFACES IN ANTI DE SiTTER SPACES 

Theorem 4.1. For any pair of positive integers m and n and any non negative integer k 
the polynomial f : R,2+m+n+fe _^ defined by 

m — n 2 . |2 /"^i ,0 

f{xi,X2,y,z,u) = 2xiX2 H i^^x^ + \ — \y\ ~ \ —\^\ 



Jmn \ m \ n 

where y G R'", z G R" and u G R'^, provides complete ZMC space-like regular algebraic 
varieties in the anti de Sitter space. If we denote by Ti = /~^(0) fl A'2,-1 the hypersurface 
induced by f , we have the following properties: ifk = 0, then, Tj is a hyperbolic cylinder with 
principal curvatures —\f^ and with multiplicity m and n respectively. If k > 0, then, 



the principal curvatures at a point {xi, X2,y, z,u) G S are 0, ^(i+ImP) ^'^^ y n(i+\u\^) 
with multiplicities k, m and n respectively. 

Proof. Let us define w = (V/, B2V f). A direct computation shows that 

{m — n)x2 \2 ,2 '^112 1 A J- 2(r2 — m) 



-4xl-A{xi + - +4—\y\^ + A—\z\^ and A^J 



/mn m n yjnm 

Using this expression for w we get that (Vui, B2V f) reduces to 



16 3 -xl + — -X1X2 + 



mn 2 mn Wmn 



,2 






m^ 1 1 


\y\'-y 


/ nF 





Finahy, if we define g = 2w{x)Ag^f{x) — (Vwi^x), B2V f{x)) , a direct computation shows 
that g = —16/. Therefore / defines an algebraic ZMC hypersurface. We wih prove that S is 
an embedded hypersurface by showing that w never vanishes for points p = (xi, X2, X3, y, z) 
in S. Solving the equations / = and {B2p,p) = —1 for |yp and |2;p we get that 



2 (y/mxi — y/nx2) — m(l + \u\) 

y\ = 

m + n 

2 _ i\/mx2 + y/nxi)'^ - n{l + \u\'^) 
m + n 

Substituting these values for | and \z\'^ in our previous expression for w we get that 

«; = -4 (1 + \u\^) 

Therefore S is an embedded hypersurface. As pointed out in Remark (12. 2p . the Gauss map 
of S is given by z/ = — ^i?2V/. For points in S, u reduces to 

1 n — m pn pin 

-X2, , X2 -Xi, W — — z, 0) 



1 + |nP ymn \ m \ n 

A direct computation shows that if p = {xi,X2,y, z,u) G S, then the subspace F defined by, 
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{(0, 0, V, 0, 0)+A (v^, -v^, (v^xi-v^xs) 0, ) e r2+'"+'^+'= ; v e W , {v,y) = , X e R} 



\y 



in the case that | y| 7^ 0, or by 

{(0, 0, V, 0, 0) G r2+"^+"+*^ where veW"} when \ y\ = 



is contained in TpS and dPp{v) = w ^^^^ "|„|2) ^ for any f G F. Notice that the dimension of 



r is m. Also, notice that when A; = the expression — y m{i+\u\^) I'sduces to - 
Likewise, for the same point p, a direct computation shows that the subspace Q defined by, 



\z 



2 • 



in the case that | 2r| 7^ or by 

{(0,0,0,?;,0) e R^+'"+''+'= where ^; e R'^ } when | z| = 



is contained in TpS and dvp{v) = — J n(i+\u\'^) ^ ^^'^ v &Vt. Notice that the dimension of 



Vt is n. Also, notice that when /c = the expression y ^(-j^^^p) reduces to 
Also, a direct computation shows that, when A; > 0, the vector space 11 given by 



{(0, 0, 0, 0, v) + (xi, X2, y, z, u ) e r2+-+-+'= : veR'',{v,u)=0,XeK} 

in the case that | u| 7^ or by 

{(0,0,0,0,tO G R^+"'+" where v G R^' } when | u| = 

is contained in TpS and dvpiv) = for any w G 11. Therefore, since the dimension of S is 
dim(r) + dim(f2) + dim(n), we conclude that is a principal curvature with multiplicity 

k, ~ \J^^^^^ is a principal curvature with multiplicity m, and ^ ri{i+\u\^ ^ principal 

curvature with multiplicity n. The completeness of these examples follows because these 
examples are either isometry to hyperbolic cylinders or they are isometry to M x R'^ endowed 
with the metric ds^ip, v) = {1 + \v\'^)ds\{j>) + dsliy) where (M, dsf) is a hyperbolic cylinder, 
and (R^,ds2) is the Euclidean space with the metric rfs^ defined by the k x k symmetric 
matrix 



D(v) = I — r-r^v where = (t^i, . . . , Vk) 

1 + \vr 
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(R^jfisl) is complete because the eigenvalues of the matrix D{v) are ji^^ and 1. Notice 
that the eigenvalue of D{v) are either vectors parallel to v or vectors perpendicular to the 
vector V. The isometry mentioned above is given by the map h : M x iV' S defined as 



h{p,v) = (a/I + \v\'^p, v) 



□ 



5. Zero mean curvature hypersurfaces in the de Sitter space 

Theorem 5.1. For any pair of positive integers m and n the polynomial f : r3+'"+"' R 
defined by 

r/ \ n — m 2 A^i i2 i2 

f{xi,X2,X3,y,z) = 2x3X2 + I x^ + \\ — \y\ - \\ — \A 

\ mn y m y n 



where y G R™ and z G R" provides zero mean curvature regular algebraic varieties in the 
de Sitter space. Moreover, for any p = (xi, 2:2, Xs, z) G S = /^^(O) fl Ki^i, the principal 

curvatures are 0, ~ ^ rn{i+^ '^^^ \J n{i+x^) ^^^^ multiplicity 1, m and n respectively. Addi- 
tionally, S with the metric induced by gi is a Lorentzian semi riemannian and the principal 
direction associated with the principal curvature is a time-like direction. 

Proof. Let us define w = (V/, i?iV/). A direct computation shows that 

((n — m)x2 + \/mnx-if' ^ 1 12 "^1 |2\ a \ t 2{n — ni) 



w 



+ - —+-\y\+-\A) and AgJ 



mn m n yjnm 

Using this expression for w we get that (Vu;, BiV f) reduces to 

16 ^ ^-xl + ^ ^0:3x2 + + J— -J— z' 

(mn)2 mn ^mn V m-'' V rv^ 

Finally, if we define g = 2w{x)^g^f{x) — (S/w{x),BiV f{x)), a direct computation shows 
that g = —16/. Therefore, / defines an algebraic ZMC hypersurface. We will prove that S is 
an embedded hypersurface by showing that w never vanishes for points p = (xi, X2, X3, y, z) 
in S, solving the equations / = and {Bip,p) = 1 for and we get that 

|^|2 _ m{l + xf) - {^/mX3 + ^/nX2)'^ 



z 



m + n 

2 n{l + x\) - {y/m X2 - ^/n x^Y 



m + n 

Substituting these values for | and \z\'^ in our previous expression for w we get that 
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W =4:{1+Xl) 

Therefore, S is an embedded Lorentzian hypersurface. As pointed out in Remark (I2.2p . the 
Gauss map of S is given hj u = —^BiVf. For points in S, u reduces to 



1 n — m pn jm . 

v= ^==={0,^==X2 + xs,X2, \ j — y,-\j — z 



'mn y m y n 



A direct computation shows that ifp = {xi,X2, X3, y, z) G S, then the subspace V defined by, 
{(0, 0, 0, V, 0, 0)+A (0, v^, v^, -(v^X3+v^X2) ) G r3+™+" : ^; g R'" , (t;, y) = , A G R } 



\y 



in the case that | y| 7^ or by 

{(0,0,0,?;,0,0) G R^+'"+" where G R'" } when | y| = 



is contained in TpS and dvp{v) = y ^(^^^2^ ^ for any G F. Notice that the dimension of 

F is m. Likewise, for the same point p, a direct computation shows that the subspace fl 
defined by, 

{(0, 0, 0, 0, ^;)+A (0, v^, -v^, 0, (v^xg-v^xa) ^ ) G R3+-+" : ^7 G R" , (^;, ;2) = , A G R } 
in the case that | 2;| 7^ or by 

{(0,0,0,0,^;) G R^+™+" where ^; G R" } when | z| = 



is contained in T^S and dvp{v) = — ^ v for any v ^Vt. Notice that the dimension of 
VL is n. Also, a direct computation shows that, the vector 

V = {1 + x\ , X1X2, X1X3, Xiy, Xiz) 

is in TpS and dup{v) = 0. Therefore, since the dimension of S is 1 + dim(F) + dim(r2), 
we conclude that is a principal curvature with multiplicity 1, ~ ^J'~^~^ is a principal 

curvature with multiplicity m and ^J^^^ is a principal curvature with multiplicity n. 

Finally, the statement about the principal direction associated with the zero eigenvalue 
follows from the equation {v, Biv) = —1 — x\ for points in Ki^i. 

□ 
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Theorem 5.2. For any positive integer m, the polynomial f : R^+™ R defined by 

Tfl — 1 1 
/(Xi, X2, X3, y) = + 2X2X3 ^ X3 + ^= |?/|^ 



where y G R™ provides zero mean curvature regular algebraic varieties in the de Sitter space. 
Moreover, for any p = (xi, X2, X3, z) G S = /~^(0) fl the principal curvatures are 

\fm and and with multiplicity 1 and m respectively. Additionally, S with the metric 

induced by Qi is a Lorentzian semi riemannian and the principal direction associated with 
the principal curvature is a time-like direction. 

Proof. Let us define w = (V/, BiV f). A direct computation shows that 

m— 1 2 T T 1 . .os , . „ 2(1 — rri] 



= 4((x2 ^^X3) — mx;^ + X3 H \y\) and A^^/ 



'm m 
Using this expression for w we get that {Vw, BiV f) reduces to 

, 39 1 — m 9 2(m^ — m+1) il — m){l + m?) 9 1 , ,9^ 
16 ( m2 xf H ^ X2 + ^ X2X3 + ^ X3 H 3- \yY) 



m m 772 2 7712 

Finally, if we define g = 2w{x)Ag-^f{x) — (Viy(x), i?iV/(x)), a direct computation shows 
that g = —16/. Therefore, / defines an algebraic ZMC hypersurface. We will prove that S 
is an embedded hypersurface by showing that w never vanishes for points p = (xi, X2, X3, y) 
in E. Solving the equations / = and {Bip,p) = 1 for and x^ we get that 

|^|2 _ m - {^/m X2 + X's)'^ 



X 1 



m + 1 
^Jmxz - X2f - 1 



m + 1 

Substituting these values for | and x^ in our previous expression for w we get that 

w = A 

Therefore S is an embedded Lorentzian hypersurface. As pointed out in (12. 2p . the Gauss 
map of S is given hy v = —^BiVf. For points in S, y reduces to 



p = (-Vrnxi, X3, X2 - 1 X3, W — 2/) 

V rn 



A direct computation shows that if p = (xi, X2, X3, G S, then the subspace defined F by, 
{(0,0,0,^;) + A(0,v^,l,-(v^X2 + X3)^) G R3+™ : v E R"" , {v,y) = , \ E R} 



\y 



in the case that | y| 7^ or by 
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{(0,0,0,^;) e R^+'"+'' where veR""} when | y| = 



is contained in TpS and dup{v) = y ^ v for any v E T,. Notice that the dimension of T is m. 
Also, a direct computation shows that the vector 



V = {x2- Vmxs, xi, -\^xi,0 ) 

satisfies {v, Biv) = —1 for points in S and, moreover, we have that v is in TpS and dvpiv) = 
—^fmv. Therefore, since the dimension of S is 1 + dim(r), we conclude that -y/m is a 
principal curvature with multiplicity 1 and is a principal curvature with multiplicity 

m. 

□ 



6. Classification of order two algebraic space-like maximal varieties in 

the anti de sitter space. 

In this section we will prove that the examples that we studied in section ([4]) constitute 
all algebraic maximal space-like hypersurfaces in the space in A^-dimensional anti de Sitter 
space. 

Remark 6.1. In the proof of the next two theorems everytime we mention a change of coor- 
dinates, we will be referring to a change of coordinates that corresponds to an isometry of 
the ambient space. 

Theorem 6.2. /// : R^^^ ^ R ?s a homogeneous polynomial of degree 2 and Mf = {x E 
j^AT+i . j^^^ _ Q {B2X,x) = —1} is a regular algebraic ZMC space-like variety of the 

anti de Sitter N -dimensional space, then, up to an isometry on the anti de Sitter space, there 
exist positive integers m and n and a non negative integer k such that 



m — n 2 /^ii2 /^ii2 

f{x) = 2xiX2 + I + W — \y\ - \\—\z\ 

y'mn \ m \ n 

where m + n + k = N - I and y = (xs, . . . , Xm+2) and z = {xm+3, • • • , Xm.+n+2) 

Proof. Let us assume that / = {Ax, x) where AisaA^+lbyA^ + l symmetric matrix. Let 
us denote by 



{ei = (l,0,...,0),...,eN+i = (0,0,. ..,!)} 

the standard basis of R^^^. Since Mf is space-like, without loss of generality, we will assume 
that the point ei is in Mj, V/(ei) = 2 62, that the principal directions at ei are given by the 
vectors es, . . . ,eN+i, and that the principal curvatures at ei are ki, . . . , kat.i respectively. 
We will additionally assume that , . . . , are positive Km+i , • • • , /^m+n are negative and 
Km+n+i ■ ■ ■ Hm+n+k = 0. Uudcr thcsc assumptious the matrix A reduces to 
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A 



/ 1 

1 h ai a2 
ai Ki 



\ 








aa 



















V aN^i ... kn^i J 

and the function / reduces to 

f{x) = 2XiX2 + bxl + 2aiX2X3 H h 2aAr_iX2XAr+i + Kixl H h A;Ar_iX^^^ 

The ZMC condition on Mf implies that 



By Lemma (12. 4p we have that g vanishes whenever / vanishes. Therefore, for any point in the 
Mj, the gradient of g, Vg must be parallel to the gradient of /, V/. A direct computation 
shows that 

V5'(ei) = (0, 32(— 1 + al + ■ ■ ■ + J , 32aiKi, . . . , 32a]\i^iKN_i) 

In the computation above we have used equation ([4]). 
Since V/(ei) = 2e2, we get that 

aiKi = 0, a2K2 = 0, ... a7V_i/CAr_i = 

The equation above implies that ai = 0, . . . , am+n = 0. The function / then reduces to 

f{x) = 2XiX2 + bxl + ^1^3 H ^ fcm+na;^+„+2 + 2 X2{am+n+lXm+n+3 H h 2aAr_iXAr+i) 

Let us denote by a = {am+n+i, flm+n+fc)- 

Recall that not all the Kj's can be zero, because this would imply that / is reducible. There- 
fore we have that m > and n > 0. A direct computation shows that for every j = 1, . . . , n, 
the point 



(4) 



Ki + K2 + h Kat-I 







Let us define. 



w={Vf,B2Vf) and g = 2wA,J - {Vw, B2V f) 




is a point in Mf, therefore g{pi) must be zero. A direct computation shows that 



g{pi) = 16KiKm+j {b+ Ki + Km+j) 
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Therefore, b = —{ni + Km+j)- Since this is true for all j, we get that Km+j = i^m+i for all 
J = 1, . . . , n. In the same way it follows that Ki = for alH = 1, . . . , m. Using the equation 
^ we get that 

m m — n 

Km+i = 1^1 and b = —Ki — Km+l = 1^1 

n n 

Denoting hy y = (xs, . . . , Xm+2) and z = (xm+3, • • • , Xm+n+2), we can write the function / as 



f{x) = 2X1X2 + Kl {— xl + \y\^ - — \z\^) + 2x2(a„+„+iX„+„+3 H h 2aAr_iXAr+i) 

n n 



A direct computation shows that the point P2 = y '"('"'^+1+"') ea+v/rim 63+^^ "'"+"^'+'" e^+a 
is a point in Mj, therefore g{p2) must be zero. We can check that, 



9{P 



16Kim{m — n){Klm + n{\ — 1))(1 + mn + n^) 



2; 



Therefore, if m 7^ n we get that, | a| < 1 and ki = \ •* 



In the case that m = n a direct computation shows that Ps = ei + ^ 62 + ^ ^m+s is a point 
in M/, therefore (7(^3) must be zero. It is not difficult to see that, 

64(|ap-l + /^2) 

^bs) = — 



Therefore, once again, when m = we get that | a| < 1 and ki = — I aP — ^ /!lil— lAi 
When a e R'^ is the zero vector, the polynomial / reduces to 

m — n 2 , i2 \ i2 

/(x) = 2x1X2 + — + i — \y\ - i —\z\ 
\/mn y m y n 



When a is not the zero vector, doing a change of coordinates of the form, 

= ^iy for i = l,...m + n + 2 and X^+n+S = 1 r ('3^n+m+l^m+n+3 + ' ■ 

I ^1 

we can assume, without loss of generality, that 0^+^+2 = ■ • • = an+m+k+2 = 0. Under these 
assumptions the function / reduces to, 

, . Q \ \ Tnji^~\^ 11'? II 

/(x) = 2x1X2 + 0x2 + Ki y \y\ + 2| a|x2Xm+„+3 

n 

Now, since | a| < 1 we can find an isometric with respect to the metric g2 that changes the 
coordinates so that 
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Xi = j^=^= — , Xm+n+3 = 1^=^= — and Xi = Xi tor alH / 1, m + n + 



a 



2 



After dividing / by \/^ — | the change of coordinates above will allow us to write / as 

r / \ r\ 7 9 I 1 9 TT}jK/\ i i o 

jix) = 2xiX2 + oxn + i^i\y\ \y\ 

n 

Once the polynomial / has this form, by using the argument we used when a is the zero 
vector, we can deduce that 

m — n 2 , i2 \ i2 

t[x)=2xiX2^ -^^X2 + \ — \y\ - \ —\z\ 

\ mn y m y n 



This completes the proof of the theorem. □ 
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